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ABSTRACT: When an electric field is applied to an ionic gel in a buffer solution, the anode side of the gel
shrinks if the gel is contacting with the electrode, while it swells if the gel is placed with sufficient separation
from the electrode. We calculate the changes of ion concentration profiles under an electric field, taking
account of ion transports and electrochemical reactions. Combining these results with Flory’s theory for the
swelling of ionic gels, we explain the above phenomena. We predict that the swelling behavior is governed
by the concentration of the dominant ions and that the swelling speed is proportional to the square of the

electric current.

1. Introduction

Gels consisting of ionic polymers deform when an electric
field is applied through the solution immersing the gel.
The first observation of the electric-field-induced defor-
mation was made by Tanaka et al.,! who found that when
a rodlike specimen of a copolymer of acryl acid-acryla-
mide gel is placed between electrodes, the anode side of
the gel shrinks as shown in Figure la. A similar phe-
nomenon was also observed by other workers.?* Tanaka
and his co-workers first interpreted the phenomenon as
the electric field pushes the negatively charged gel toward
the anode and squeezes the anode side of the gel. Later,
however, this interpretation was questioned when Shiga
and Kurauchi® found that, if the same specimen is placed
at a fixed position separated from the electrodes, the anode
side of the gel swells as in Figure 1b. Shiga et al.5>8 pointed
out that these phenomena are induced by the change in
the ionic distribution under the electric field. Hirose” has
shown that the change of pH or ionic concentration can
indeed induce the volume change of the gel. However,
the dynamics of ions in ionic gels has not been discussed,
although the pH change in neutral gels has been studied
by Hirose et al.®2 Up to the present, there have been no
quantitative or even qualitative theories for the field-
induced deformation of the ionic gels. Theories are
apparently needed, since the swelling behavior is rather
complex, depending on pH, salt concentrations, and the
strength of the electric field. For example, Shiga et al.?
found that, in some gels, the swollen part starts to shrink
as the electric field is kept applied, and there has been no
explanation for the phenomenon.

In this paper, we propose a semiquantitative theory
which describes such swelling and deswelling behavior
under an electric field. We shall calculate the ionic
distribution inside and outside the gel and show that the
above phenomena can indeed be explained.

Although the theory developed here is general, we focus
our attention on a specific system, i.e., the acryl acid-
acrylamide copolymer gel, the acidic group (carboxyl) of
which dissociates as

-COOH = -CO0™ + H* )

The ions in the solutions are H*, OH-, and monovalent
cations A* and anions B-, which we associate with Na*
and CI, respectively. For this system, we study under
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Figure 1. Illustration of the deformation of a cationic gel under
an electric field. If the gel is contacting with the anode, the
anode side shrinks (a), while, if the gel is placed between the
electrodes, the anode side swells (b).

what conditions the gel swells or shrinks when an electric
field is switched on.

We approach this question by the following two steps.
First, we use an earlier theory for the equilibrium volume
of an ionic gel and construct a diagram which tells us
whether the gel swells or not when the ionic concentrations
of A* and B~ are varied. Next, we consider the dynamics
of ion distributions in the presence of an electric field.
Finally, by combining these results, we give a physical
explanation for the swelling behavior.

In this paper, we do not take account of the deformation
of gels explicitly. This is to demonstrate the essential
physics in the simplest way. A complete theory has to
include the motion of water and gel in such a way as is
developed in ref 9. Such a theory will be published in the
future. With these effects neglected, the present theory
has to be regarded as a semiquantitative one.

2. Equilibrium Volume of an lonic Gel

2,1. Flory’s Theory. First, we consider the equilib-
rium volume of an ionicgel. This problem has been studied
by many authors,!*!! and elaborate theories have been
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developed. Here, following Riéka and Tanaka,'? we shall
use the simplest theory which neglects the spatial corre-
lation in ionic distributions.

According to Flory,!! the equilibrium volume V of a gel
is determined by the following condition:

Metwork(V) + RTZ(C,‘g -¢y =0 2)

where I etwork (V) is the osmotic pressure of a hypothetical
neutral gel in which ionic groups of the gel are not
dissociated at all, R is the gas constant, T is the absolute
temperature, and c;; and c;g denote the ionic concentration
of species{ in the outer solution and in the gel, respectively.
The subscript i stands for A, B, H, or OH and denotes the
ions A*,B-, H*, or OH"; for notational simplicity, the signs
indicating the ion charge are omitted in this paper.

The physics underlying eq 2 is the following. If the gel
has no charge, its volume is determined by two opposing
effects. Oneisthe attractive interaction between polymer
and solvent, which tends to swell the gel. The other isthe
network elasticity, which resists the expansion. These
two effects are both included in Ilnetwork(V), and the
condition ITnetwork(V) = 0 determines the equilibrium
volume of the neutral gel. On the other hand, if the gel
has electric charges, the concentration of free ions inside
the gel is not equal to that outside the gel. This unbalance
in the concentration creates an additional contribution to
the osmotic pressure and swells the gel. This effect is
included in the second term of eq 2.

Given the functional form of Inetwork( V), we can calculate
the equilibrium volume V from eq 2. However, since our
purpose here is to determine whether the gel swells or
shrinks, we shall focus our attention on the following term:

All = RTZ(cig —c;) 3)

Since Mpetwork( V) is always a decreasing function of V, which
follows from a thermodynamic stability condition, eq 2
indicates that, if AIl increases upon the imposition of an
electric field, the gel swells, while it shrinks if AIIl decreases.

Now the ionic distribution in the equilibrium state is
given by the Donnan theory.!! At boundaries of a gel, an
electric double layer creates a jump in the electric potential
(Donnan potential) Ay = ; — .. Hence, the ratio of the
ion concentration is given by

¢ /ci, = exp(-z;Ay) fori=A,B,H,and OH (4)

where z;e denotes the charge of theioni (2o =1,z = -1,
2z = 1, and zo4 = -1), and Ay = eAY/kpT is the jump of
the nondimensional electric potential. In both regions of
gel and solution, the charge neutrality condition must be
satisfied:

Cae t Cy = Cg, + oy, in solution )]

Cag + g =gyt Cong t ¢,  ingel ®

where cc; is the concentration of the dissociated ~COO-
ionsinthegel. Finally, the dissociation equilibria for water
and the carboxyl group are written as

CHs*CoHs = CHg'COHg =
K, (107" mol?*/L? at room temperature) (7)
and
CCMHg_'CcC; =K, ®
where cu is the concentration of the carboxyl groups in
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Figure 2. Ionic contribution to the osmotic pressure, AIl, of a
completely dissociating gel schematically plotted against the
concentration of the dominant ion c4 = max (cas cms) in a
logarithmic scale.

the gel, and K is their dissociation constant.

Equations 4-8 are 8 independent equations for 10
unknowns, cas, CAg, CBs, CBg, CHs) CHg, COHs, COHg, CCg» &nd Ay;
note that the relation

CHs"CoHs = CHy"CoHg
is automatically satisfied due to eq 4. Thus, if two of
them are given, the rest can be determined.

2.2, Osmotic Pressure Map. We shall now study AIl
as a function of cs; and cgs. This choice of independent
variables is only for convenience for later discussion; the
dynamics of the ions A* and B~ are governed by diffusion
only, while the dynamics of H* and OH" involves disso-
ciation and association reactions of water and gel and is
much more complicated. Therefore, we focus our attention
oncy and cg. The concentration of H*, or pH, of the outer
solution is calculated from eqs 5 and 7 as

Cys = %[ch - et ((cpe = 0 + K)VH @)

The solution is alkaline if ca, > cgs and acid if css < Cgs.

The set of equations 4-8 is written in a compact form.
Defining P = exp(-Ay), we can show that

1 __mKp
(P~ ) tenst en) = Poy, ¥ K, (10)

When c, and cg, are given, cy; is determined by eq 9, and
P can be obtained from eq 10 numerically. The osmotic
pressure AIl, defined in eq 3, is calculated by

AI/RT = (P+ 1—1,— 2)(cae + o3 1)

In the case of K; — = (completely dissociating gel), eq
10 can be solved easily. Introducing cq4s as

Cds = Cps T Cyyy = Cpg + Cop, (12)
we obtain
2 [(2) 4]
P 2 Cdq + Cas 4 (13)
and
ATI/RT = [(ep)? + 4(cg)* 12 - 24, 14

This is schematically plotted in Figure 2. Notice that c4,
can be written as

Car = 3lea + Cpu + (ea— cp)* + KV (15)

In the usualsituation, K!/2 (=~10"" mol/L) is much smaller
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Figure 3. Bird’s eye view of (cas, cgs) dependence of AIl for the
system of K; = 6 X 107 mol/L and c¢m = 10 mol/L.

AL (x10*mol /1)

(molt /1)

10* 10°

Cas  (mol/l)
Figure 4. Contour map of AIl (ca,,cps) for the same system as
shown in Figure 3.

than cas or cgs, so that
Cau = §lem + o+ (Gpy = c5))V7) = max (cpy ) (16)

Hence, AIl is determined by the concentration of the
dominant ion. Equation 14 is simplified as

M forcy K ey
MlAcs  forcg > cy

As a more realistic system, we use K, = 6 X 1075 mol/L
{poly(acryl acid) gel) and solve eq 10 numerically for a gel
concentration of ¢p = 1073 mol/L; the results are plotted
in Figures 3 and 4. It is seen that, in this case also, AII
is insensitive to the concentration of the minor ions and
is mainly determined by the dominant ion. The depend-
ence is shown in Figure 5. We now discuss the charac-
teristic aspects of the curves in Figure 5. To simplify the
mathematics, we shall assume

K’ < K, < cy (18)

which is satisfied in the above example.

(A) Alkaline Region, ca, > cgs. Inthealkalineregion,
the COOH groups in the gel are completely dissociated,
so that the function AIl(ca,) is similar to that in Figure

AIl/RT = {z an

Macromolecules, Vol. 25, No. 20, 1992

il T il

—— alkaline

neutral
—Oo— acid

o
T

20

AT/ RT ( X10 “mol /1)
PN

10° 107 10% 10° 10t 10° 10° 10" 10
ionic concentration in solution (mol /1)

Figure5. AIl/RT plotted against ¢, (for the alkaline and neutral
lines) or cp, (for the acid line).

2. If cas is much larger than ¢y, AII/RT is equal to cy?/
4ca;. When ca; becomes less than ¢y, AII/RT becomes
equaltocym. A difference, however, arises when ca, becomes
very small, where AIl decreases and approaches a constant
value. This is because the COOH is partially associated
at very low ionic concentrations of A*. In the limit of cx,
= cps = 0, the ionic concentration in the gel is given by

Cog = Cug = (cMKg)I/ 2 (19)

Hence

AI/RT = ¢, = (cpKp'/* (20)

The transition from the complete dissociation to the partial
dissociation takes place at

Cas =~ I<w1/2

(B) Acid Region, cs, < cgs. Inthe acid region, AII/RT
is equal to (cmKj)'/2 for very small values of cp, for the
same reason mentioned above. When cp, becomes com-
parable to (cmKj)!/2, AII/RT starts to decrease. The
decrease is much steeper than that in the alkaline region.
This is because the dissociation of the gel is suppressed
as cp, increases. Indeed, the dissociation equation (8) is
written as

o = CMKg - Chal(g " cMKg
Ce et K, oyt K, Cas
where we have used the fact that P ~ 1 and ¢y, = cg; in

the region of cps » (cmKp)'/2. Thus, from eqs 17 and 21,
it follows that

(21)

-3
——— « ¢p, (22)
4cp,  4(cp,)? i

which should be compared with

AII/RT « ¢!

in the alkaline region.

(C) Neutral Region, ca; = ¢gs. The unmarked line in
Figure 5 denotes the plot of the neutral line, AIl(ca,,Cas),
against ca,. The behavior is similar to that in the alkaline
region. It canbeshown that AIl{cas,cas) takes a mazimum

at
L le/z 1/2
Cas = %CM K.

g

and the maximum value of AII/RT is approximately equal
to cm.
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3. Ion Dynamics

3.1. Kinetic Equations. Having seen the equilibrium
behavior, we now consider how the ionic distributions
change when an electric field is imposed. As was men-
tioned in section 1, we do not consider the deformation of
the gel; we shall calculate the ionic distributions assuming
that the shape of the gel is fixed by some external
constraints. Also, we shall discuss the one-dimensional
problem only; generalization to the three-dimensional case
is easy.

Writing down the kinetic equations for the ion distri-
butions is straightforward. There are five unknowns, the
concentrations of mobile ions, ca, cs, cH, and coy, and the
concentration of dissociation carboxylic ions ¢, all of which
depend on the position x and time t. The mobile ions
diffuse in the electric field. Atthe same time, theions H,
OH-, and -COO- are created (or annihilated) by the
dissociation—association reaction:

H* + OH = H,0 (23)

*+-C00™ = -COOH (24)

The dynamics of cs and cp is described by the diffusion
equations

dcy 9 (acA ﬂ)
Bt - Dage\3; + g, (25)
deg 3 (acB %)
3t = Doz \Gx ~ Bax (26)

where Dy and Dg are the diffusion constants of A* and B-,
respectively, and y is the nondimensional electric potential.
The kinetic equations for cy, con, and cc involve the effects
of the dissociation reactions, eqs 23 and 24:

dc 3 [9cu d
~H= (8x+ Hg‘k +r o+,

ot “Hax

acon (aCOH Qg)

ot - Domge\ 5 ~CoHge)
6CC

where r; and r; represent the amount of ions produced (or
absorbed) in a unit time by the reactions of eqs 23 and 24,
respectively.

In the above equations, the electric potential ¢ is an
unknown. In principle, ¥ should be determined by the
Poisson equation. However, this introduces a very small
length, i.e., the Debye’s screening length £p, into the
problem and causes a problem in numerical simulations.
This difficulty is avoided if we impose the local charge
neutrality condition everywhere

cptceyg=cgtcoy insolution (28)

categ=cgtcegutce ingel (29)

With this restriction, the characteristic length in this
system is (8y/dx)"L, which is in general much larger than
£p. Inmost cases, the results obtained with this restriction
agree with those obtained with the Poisson equation except
in the small length scale of £p.
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Taking the time derivative of eqs 28 and 29 and
substituting eqs 25-27, we have

3 [ 9¢; N
ZziDl —+ze—)=0 (30)
; dx \ dx ‘9x

Notice that the left-hand side of eq 30 is the divergence
of the electric current

a8
= eZz,D,( + z,¢; 1l/) (31)

Thus eq 30 guarantees that the electric current J is
constant.

Equation 27 involves further unknowns r; and r; which
depend on the detail of the reaction kinetics. However,
their precise specifications are not necessary since the
dissociation reactions are much faster than the diffusion
processes. Therefore, cu, con, and cc are determined by
the dissociation equilibria and the charge neutrality
conditions, eqs 7, 8, 28, and 29, for given values of cs and
cp which are determined by the diffusion equations.

To summarize, in order to determine the ionic distri-
butions, we have to solve the set of three partial differential
equations (25), (26), and (31). Next we shall consider the
boundary conditions for these equations.

3.2. Boundary Conditions. (A) At Electrodes. We
assume that there are no electrode reactions for A* nor B~
and that the only electrochemical reaction taking place at
the electrodes is the electrolysis of water:

2H,0 — 4H" + 4¢" + 0,} attheanode (32)

4H,0 + 4e* —~40H + 2H,!  at the cathode (33)
These reactions are assumed not to perturb the diffusions
of A* and B-. Hence, the boundary conditions at the
electrode are that the ionic currents of A* and B~ are zero:

_ dc, %)

- _DA( dx + €A%y =0 34
) de 8

e (-e)0 o

The condition at the electrodes also determines the
electriccurrentdJ. Ifthe experimentisdoneunderconstant
current, J is given explicitly. If the voltage between the
electrodes is fixed, J is determined implicitly by the
condition that the difference in the electric potential
between the electrodes is equal to the imposed value.

(B) Gel-Solution Boundaries. In the equilibrium
state, the discontinuity in the ionic concentrations and
the electric potential at the gel-solution boundary is
determined by the Donnan theory. If an electric field is
applied, the system is not in equilibrium, and in general
the Donnan theory is not valid. However, for the usual
electricfield, the perturbation from the equilibrium state
is very small. Indeed the magnitude of the perturbation
can be estimated by

drift velocity of ions by electric field DeE/kgT
diffusion velocity over the length of &, ~  D/¢p
eEfp
kT
where E is the applied electric field, and D is the

characteristic diffusion constant of mobile ions. In a
typical condition of E = 10 V/cm and ¢p = 200 A, the ratio

(36)
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is about 1073, Thus, for the usual strength of the electric
field, we may assume that the Donnan condition is always
satisfied. Using the subscript g and s to denote the values
at the gel side and the solution side of the interface,
respectively, we can write the Donnan condition as

C.

Eﬁ = exp[-z;(¥y,-¢,)] fori=A,B 37
is

The other condition to be satisfied is the continuity in the

ionic currents

éc; e dc;
D-(—cﬁ+z-c~ﬁ) =D‘(—'§+z~c.a—¢—g-) fori=A,B
'\ 9x U gx I\ 9x T 9x 38)

4. Numerical Simulation

4.1, Parameters. We solve the above set of equations
numerically. As the initial state, we choose the equilib-
rium state with no current:

cp=¢y and cg=cp, inthesolutionatt=20

The time evolution of the ionic concentrations is obtained
by the following procedure:

1. For given values of cs and cg at time t, we calculate
cH, coH, and cc using the conditions of the local charge
neutrality and dissociation equilibria.

2. Using the values of ¢; at time ¢, we obtain dy/dx by
eq 31.

3. From the diffusion equations (25) and (26) and the
boundary conditions (34)-(38), we obtain c, and cp at the
next time step t + At and go to the step 1.

Calculation is done for the following set of parameters.

(a) Initial concentrations in the solution:

cao = Cpo = 107 mol/L (neutral condition)  (39)

(b) Concentration of COOH group in the gel:

ey = 107 mol/L (40)
(¢) Dissociation constant of -COOH:!3
K, =6X10" mol/L (1
(d) Diffusion constants of ions:
D, =Dg =Dy =Dgy =107 cm?/s (42)
(e) Current density:
J=10"Acm™ (43)
(f) Gel size:
0.5 cm (44)

Although the actual diffusion constants of ions depend on
the species and salt concentration,'4 they are chosen to be
equal to each other since it simplifies the subsequent
analysis greatly.

For the values given above, the initial concentrations of
ions inside and outside the gel are calculated to be cas =
¢gs = 103 mol/L, ca; = 1.6 X 1073 mol/L, cgg = 0.6 X 1073
mol/L, cus = cons = 107 mol/L, cyg = 1.6 X 1077 mol/L,
coHg = 0.6 X 10""mol/L, and ccg = 1.0 X 102 mol/L (almost
completely dissociated). Notice that cyand con are much
smaller than cy and cg. Forthe current of eq 43, the (initial)
velocity of ions in the solution is

V.= ——J _5x 10™* cm/s (45)

=
(Cas0 t+ Cpoo)e

Three cases are considered here:
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Figure 6. Results of the numerical simulation for the gel placed
between electrodes. Time evolutions of (8) ca(x,t), (b) ca(x,t),
and (c) E = dy(x,t)/dx are plotted against the spatial coordinate,
and (d) osmotic pressure differences AII/RT on the cathode side
and the anode side are plotted against time. The curves in a~c
represent the results for ¢t = 0, 50, 100, 150, 200, 250, and 300 s.
The time evolution of the profile is indicated by the arrows.
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Figure 7. Schematic figure of ion flux to explain the decrease
of ea(x,t) at the anode-side gel-solution boundary shown in Figure
6. The ion flux flowing into the boundary region (left arrow) is
smaller than that flowing out of the region (right arrow).

(A) The gel is placed between the electrodes, sufficiently
separated from them.

(B) The gel is contacting with the cathode.

(C) The gel is contacting with the anode. The results
are discussed in the next section.

4.2. Results. We shall first describe the results
qualitatively and explain why the anode side of the gel
swells in cases A and B, while it shrinks in case C.

(A) Figure 6 shows the results for case A, Near the an-
ode side of the gel boundary, c4 and cg decrease, while they
increase near the cathode side. The reason for this is clear
(see Figure 7). Consider the flux of A* flowing in and out
of the small region at the anode side boundary. In the
range of ionic concentrations studied here, the velocity of
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Figure 8. Similar to Figure 6 for the gel placed contacting with
the cathode.

At in the gel is given by
V, =dJ/(cpg + cpde == 0.9V, (48)

which is almost the same as the velocity in the solution
V.. However, since ca, is larger than ca,, the outgoing flux
is larger than the incoming flux. Hence, ca decreases at
the anode-side gel boundary. Since AIl is a decreasing
function of ca, in the region studied here (see Figure 5),
AIl increases with time. This is the reason why the gel
swells on the anode side.

Similar consideration leads us to the conclusion that,
onthe cathode side, AIl decreases with time, and therefore
the gel should shrink. Experimentally, there has been no
report on the shrink on the cathode side. However, at this
stage, this disagreement may not be considered serious
because (i) the change in the osmotic pressure on the
cathode side is small (see Figure 6d) and (ii) careful
measurement of the volume change on the cathode side
has not been executed. It will be interesting to check this
point experimentally.

Figure 6d shows the time dependence of AILl. As
explained above, AIl increases with time near the anode,
while it decreases near the cathode. It is also seen that
AII on the anode side has a maximum. This maximum
corresponds to the maximum in the All-c4 curve shown
in Figure 5. It takes place when the concentration ca
outside the gel becomes comparable to cm(Ky!/%/ Kp)1/2.
Experimentally, Shiga and Kurauchi® found that when a
dc field is kept applied for an extended period of time, the
deformation of the gel stops and then the anode side starts
to shrink. It is conceivable that this phenomenon cor-
responds to the maximum in Figure 6d. Further analyses
are needed to confirm this point since the present
calculation takes no account of the deformation of the gel.

(B) Figure 8 shows the results of case B, where the gel
is contacting with the cathode. Near the cathode, ca
increases, while cg decreases. Thereasonisobvious: since
fluxes of ions A* and B~ are zero at the electrodes, A* is
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Figure 9. Similar to Figure 6 for the gel placed contacting with
the anode.

accumulated near the cathode and B~ is taken away from
the cathode. The difference ca—cp is compensated by the
OH- ions generated at the cathode due to the electrolysis
of water, eq 33. The time dependence of the osmotic
pressure is shown in Figure 8d. Note that AIl is a well-
defined quantity even when the gel is contacting with the
electrode because there are 2 degrees of freedom in this
system and ATl can be calculated from caz and cgg (instead
of ca;and cp,) at gel—electrode boundaries. From the figure,
we notice that, though c,, increases considerably at the
cathode, the change in AII is small. This is because AIl
depends weakly on ca when ca increases.

(C) Figure 9 shows the results of case C, where the gel
is contacting with the anode. In this case, the behavior
near the anode is quite different from that of the solution—
gel boundary. At the anode, H* ions are produced by the
electrolysis of water. This suppresses the dissociation of
carboxylgroups near the anode. Asaresult, AIl decreases
very quickly. Thusthegelshrinks whenitiskeptincontact
with the anode. This phenomenon has been observed by
many authors.*

5. Theoretical Analysis

5.1, Equation in Alkaline Region. Having seen the
qualitative aspects, we shall now study quantitative
aspects, especially how the concentrations at the boundary
change with time and how they are affected when the
electric currentis varied. For that purpose, we shall restrict
ourselves to the phenomena taking place near boundaries,
assuming that the gel and the solution have infinite size.
Four boundaries are considered: the cathode and anode
side boundaries between solution and gel and those
between gel and electrodes.

To simplify the analysis, we shall assume that the outer
solution is alkaline and that the gel is completely disso-
ciated. We also assume, as in the numerical simulation,

“that the diffusion constants of the ions are the same. Under
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these assumptions, the time evolution equations for the
ionic concentrations become very simple.

In the alkaline region, we may set cy = 0. Thus the
charge neutrality condition is written as

cpa=cg+tcoy insolution

ca=cgteggtey ingel “47)

where ¢y is used instead of cc because the gel is completely
dissociated in the alkaline region. Equation 31 now
becomes

D—-—(Zz )+ Dizc =J (48)

The first term on the left-hand side is zero because of the
charge neutrality condition. When we define the char-
acteristic velocity as

V = dJlecy
eq 48 gives
c
M v insolution
_ J _]%Dea (49)
0x  De(c, + cg + cop) __fi_._v in gel
D(ZCA - CM)
Equation 25 then becomes
dc é%c
A= D——"‘- in solution (50)
at 9x?

dc, 0%, a( cMcA) i
E;—DB;?—?’; Vm n gel (51)

The conditions at the boundary between solution and gel

are (see eq 13)
1/2
+((2) +4) Tl
solution

CAIgel 2[
(Donnan equilibrium) (52)

de,  Vesey | dc, v
T ox +2cA—cM gel Dae t gou

(continuity of ion flux) (53)

solution

From eqs 50 and 51 and the boundary conditions (52) and
(53), one can calculate ca(x,t). Notice that these equations
do not include cp. Since AII is determined only by ca in
the alkaline region, the time evolution of AIl in the alkaline
region is independent of ¢g; thus, for example, adding HCI
does not affect the swelling or deswelling behavior as far
as the system is alkaline.

5.2. Solution—Gel Boundary. An analytic solution
of the above equations can be obtained for a short time
after the imposition of the electric field. On the right-
hand side of eq 51, the magnitudes of the first and second
terms are estlmated as Dca/&2 and Vea/k:, respectlvely,
where £, = (Dt)!/2 is the characteristic diffusion length in
time t. (It will be confirmed later that the characteristic
length scale in time ¢ is (Dt)1/2 rather than Vt.) Thus the
ratio between the two terms is

convective term _ j ~ 1/2
diffusion term =~ D = (¥ /D) 4
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Therefore, if t < D/V?, the second term in eq 51 can be
neglected, so that

in both solution and gel (55)

Notice that the time region for this equation to be valid
is rather large; D/ V2 is equal to 40 s for the case studied
here. Furthermore, since the change in ¢4 is small, the
boundary conditions (52) and (53) can be approximated
as

cAlgel = OcAlsolution (56)

ol Ve
TxALel Elsolutlon - D (57)

where

and

s o= | a0 _ l)

AT (2cm—cM 2/M
The set of linear equations (55)—(57) can be easily solved
as

At = cpgo— Py [/Glxt~t) adt’  ingel (58)

calx,t) = Cp0— fotG(x,t——t’) adt’ insolution (59)

where the position of the boundary is set to zero and G(x,t)
and « are defined by

1/2
G(x,t) = (4nDt)” exp( 4Dt)
and
_ 2Ve,
*T1+P,

In particular, the concentration on the solution side of the

boundary is
_2 G (Zz_t)”"’
VoTF¥P\D €0)
Thus the concentration decreases in proportion to V.
5.3. Cathode—Gel Boundary. At the cathode, ca
increases with time and becomes much larger than cym.

Hence, the flux of A* in the gel near the cathode is
approximated as

calx=—0,t) = g0

ac, CMCa acy

x T 20, oy’ ~-DFA+V @)
Thus the diffusion equation and the boundary condition
become

=-D—

acA d%c,
Bt oxt
] c
DIA=My  ax=0
ox 2

The solution is then given by

Cal®,t) = Cpgo + %MV J G-t dr’
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Thus, at the boundary

‘™m 1/2
Cp (x=0,t) = ¢, 0 + —=(Vit/D)Y/ (62)
& P
This equation holds not only for short time but also for

long time.

5.4. Anode—Gel Boundary. At the anode, H* is
produced by the electrochemical reaction. Therefore, the
gel becomes acidic even if the initial solution is alkaline.
As a result, one cannot write down a simple equation for
ca or cg. However, it is clear that the concentration cp at

the anode increases in proportion to vt and that conse-
quently the osmotic pressure decreases in proportion to
t73/2 (see eq 22).

The time evolution of the concentration profile is slightly
complicated. Figure9suggeststhattwodynamicprocesses
are involved. One is the motion of the frontier of the
depletion layer of B-, which moves with a certain velocity;
thus, the thickness of the depletion layer is increased in
proportiontot. Theotheristhe growth of the accumulated
region of A, whose length scale increases in proportion
to Vt. Thus, in a long time, the depletion layer grows
faster than the diffusion layer and causes the minimum
in ca(x,t).

5.5. Scaling Analysis. In the long-time region, the
above linear approximation becomes invalid. However,
important conclusions can be derived by dimensional
analysis. For the problem defined by eqs 50-53, the
parameters involved in the problem are V (ms™), D (m?
s, cao, ¢Bo, and cm (mol/L). Hence, by dimensional
analysis, ca(x,t) can be written as the following functional

form:
i} &Ww@)
calx,t) = CAJ( D’ D oy o (63)

This equation is valid at any time, provided the inter-
ference between the boundary effects is not important.

Equation 63 indicates that the solution of the nonlinear
equation for various currents J, which is proportional to
V, can be superimposed if the length x and time ¢ are
properly scaled. In particular, the concentration of A* at
the gel-solution boundary is written as

_ V2t Cao cBo)
Cag(t) =y D’ CM’ Cn (64)
Consequently, the osmotic pressure is written as
_ V2t Cao CBo)
All = AIL D ' oy (65)

Thus, if the current is increased by a factor A, the time
necessary to reach the same value of the osmotic pressure
decreases by factor A2, In particular, the characteristic
time t* giving the maximum in the anode-side value of
AIL(t) shown in Figure 6d is proportional to J2,
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Notice that the above conclusion holds also for the
general set of equations and the boundary conditions (eqs
25-30 and 34-38). The general equations involve many
additional parameters, Dy, Dg, K;, etc. However, the only
dimensionless parameter which involves the time ¢ is V2¢/
D. Thus the osmotic pressure is also written in the form
of eq 65, and the same scaling law holds for time and length
scale when the current J is varied.

6. Conclusion

In this paper, we have developed a semiquantitative
theory for the deformation of ionic gels under an electric
field. The theory predicts the following results for a cat-
ionic gel:

(i) The anode side shrinks if the gel is contacting with
the anode, while the anode side swells and then shrinks
if the gel is sufficiently separated from the anode.

(ii) The cathode side shrinks slightly in both contacting
and noncontacting cases. These features arein agreement
with experiments. The present theory also predicts the
following:

(i) The characteristic time of deformation is proportional
to the inverse square of the applied current (section 5.5).

(i1) If the diffusion constants of ions are the same, the
deformation dynamics is governed by the concentration
of the dominant ions, i.e., [A*] in the alkaline region and
[B-] in the acidic region (section 5.1).

(iii) The characteristic length scale for the change of

the ionic distribution increases in proportion to Vi It
will be interesting to check these points experimentally.
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